Equivariant spectral triple for the compact quantum
group U,(2) for complex deformation parameters

Satyajit Guin
IIT Kanpur

June 14, 2021
(joint work with Bipul Saurabh)

Spectral triple for the Ugq(2)



Background

Let G be a compact quantum group acting on a C*-algebra A via the
action 7 : A — A ® C(G), so that we have a C*-dynamical system
(A,G, 7). Let (m,U) be a covariant representation of the C*-dynamical
system (A, G, 7) on a Hilbert space H. Let (A, H,D,~) be an even
spectral triple on A.

@ The Dirac operator D is called “equivariant” under the action 7 if
D ® 1 commutes with U.

Q If y ® 1 also commutes with U, then the spectral triple is called
G-equivariant.
Taking F' = D|D| ™!, the spectral triple (A, H, D, ) induces a
K-homology class [(A, H, F,7)] in K°(A) consisting of even Fredholm
modules. To check nontriviality of this class, one pairs it with K(A)
through the Kasparov product.
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Given a projection P € M, (A) define
Hon=HRC" |, =901, , F,=F®I,,
pt=1mp = p-=lmp
The following operator
P F,PT . PTH} — P H,

is a Fredholm operator, where H,, = ;" & H,, under the grading
operator ~,. Index of this Fredholm operator is the value of the
Ko — K" pairing ([P], [(4,H, F,7)]).

Q@ An even spectral triple (A, H, D, ) is called nontrivial if
([P],[(A, H, F,v)]) is nonzero for some [P] € Ky(A).
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Motivation

A compact quantum group G acts on its underlying C*-algebra

A = C(G) via the comultiplication A, and we have the C*-dynamical
system (C(G),G,A). A natural choice for A is the dense Hopf
x-subalgebra O(G) generated by the matrix coefficients of f.d.
corepresentations of (C(G), A).

Now, one can desire to produce an explicit G-equivariant nontrivial
Dirac operator on A. We are interested in compact quantum groups
arising from the semidirect product construction of Woronowicz et al.,
for which U,(2) is a nontrivial concrete example.
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Origin of U,(2)

In (Kasprzak-Meyer-Roy-Woronowicz, 2016), Woronowicz et al.
defined a family of g-deformations of SU(2) for ¢ € C*. This agrees
with the compact quantum group SU,(2) when g is real. But for

g € C\ R, SU4(2) is not a compact quantum group, rather a braided
compact quantum group. In (Meyer-Roy-Woronowicz, 2016),
Woronowicz et al. showed that for a compact quantum group

G = (A, A) and a braided compact quantum group B over G, the
semidirect product A X B becomes a compact quantum group.

Taking B = SU,(2) for ¢ € C* and A = C(T), we obtain a genuine
compact quantum group, and it is the coopposite of the compact
quantum group U,(2) defined in (Zhang-Zhao, 2005).
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Definition: The CQG U,(2)

Let ¢ € C*. The C*-algebra C(U4(2)), to be denoted by A, throughout,
is the universal C*-algebra generated by a, b, D satisfying the following

relations :
ba = gqab, a*b=qgba*, bV* =0b"H, aa"+bb" =1,

aD = Da, bD=¢?|q|"2Db, DD*=D*D=1, a*a+|q?*b*b=1.
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Definition: The CQG U,(2)

Let ¢ € C*. The C*-algebra C(U4(2)), to be denoted by A, throughout,
is the universal C*-algebra generated by a, b, D satisfying the following
relations :
ba = gqab, a*b=qgba*, bV* =0b"H, aa"+bb" =1,
aD = Da, bD=¢?|q|"2Db, DD*=D*D=1, a*a+|q?*b*b=1.
The compact quantum group structure is given by the comultiplication
A:A; — Ay ® A, defined as follows :
Ala)=a®a—gpDb* , A(b)=a®b+b® Da*, A(D)=D® D.
Let O(Uy(2)) be the x-subalgebra of C'(U,(2)) generated by a,b and D.
The Hopf %-algebra structure on it is given by the following :
antipode:  S(a) = a*, S(b) = —¢bD*, S(D) = D*,
S(a*) =a, SO*) =—(q)" "D,
counit: €la) =1, ¢b) =0, ¢(D)=1.
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Faithful representations of C(U,(2) for |¢| < 1

We concentrate on the case of |g| # 1. It is enough to restrict our

attention to the case |¢| < 1 and g # 0 because U,(2) and U1 (2) are
isomorphic as CQGs.

wQll
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Faithful representations of C(U,(2) for |¢| < 1

We concentrate on the case of |g| # 1. It is enough to restrict our
attention to the case |¢| < 1 and g # 0 because U,(2) and U1 (2) are
isomorphic as CQGs.

Fix any g € C* with |¢| < 1 and let § = %arg (q). Let H be the Hilbert
space ?(N) ® (?(Z) ® ¢*(Z). Consider the right shift V : e, — ent1
acting on ¢?(N) and the bilateral shift U : e, — e, acting on ¢?(Z).
Define the following representation 7 of A, on H :

ma)=/1-¢gPNVelal , 7b)=¢" U1,

,R_(D) =1 ®€—27r\/—719N ® U.

The representation m of A, defined above is faithful. I

wQll
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Linear basis and the Haar state

Define

a"b™(b*)k D! it n >0,

9 ’k7l =

The set {(n,m,k,l) :n,l € Z,m,k € N} is a linear basis of O(Uy(2)).
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Linear basis and the Haar state

Define

a™b™ (b*)* D! if n >0,

9 ’k7l =

The set {(n,m,k,l) :n,l € Z,m,k € N} is a linear basis of O(Uy(2)).

Theorem
The Haar state h : C(Uy(2)) — C is given by the following,

h(z) = (1—1g*) > al*™(en00, m(x)en0,0)
n=0

where {enr s} denotes the standard orthonormal basis of (N x Z x 7).

v
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Torus quotient

Moreover, one has

1—|q/?

h((n,m, k, 1)) = { L1aPmFD
0 otherwise .

ifm==k, andn=101=0,

In this case of |g| < 1, the Haar state is not a trace as

)
ha*a— aa®) = (1 - |qP)(o0%) = 155 2 0.
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Torus quotient

Moreover, one has

1—|q/?

h((n,m, k, 1)) = { L1aPmFD
0 otherwise .

ifm==k, andn=101=0,

In this case of |g| < 1, the Haar state is not a trace as

)
ha*a— aa®) = (1 - |qP)(o0%) = 155 2 0.

Let At denotes the coproduct on C(T) and ¢ : A, — C(T) be the
homomorphism given by ¢(a) =1, ¢(b) = 0 and ¢(D) = 3. It follows
that Aro¢ = (¢ ® ¢) o A. Thus, T is a quantum subgroup of U,(2)
and hence, T acts on A, by the formula ®(z) = (id ® ¢$)A. In such a
case, one defines the quotient space Uy(2)/T as follows,

CU,(2)/T) = {z € Ay : (id® ¢)A(z) = 2 ® 1}
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Faithfulness of the Haar state

The conditional expectation E : A; — C(U4(2)/T) is defined as
(id ® (hr 0 @)) o A, where ht denotes the Haar state on T.

Proposition

The C*-algebra C(Uy(2)/T) is the C*-subalgebra of A, generated by a
and b, and C(Ugy(2 )/']I‘) C(SU¢(2))-

The Haar state on the compact quantum group Uy(2) is faithful.
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Corepresentations of Aq

For ¢ € %N and i,j € Ip:=={—4,------ U}, let

1/2
o= 20\ at= Iyt
! C+7) e ’

WR = EB?Z,@(Cff and TeR:A’VvER.

That is, VgR is the vector subspace of A, spanned by degree
2¢-homogeneous monomials in a and b. We get a corepresentation

TER : VKR — VKR ® Aq4 of A, on VL,R. For 7,5 € Iy, let tfj denote the
matrix coefficients of TKR with respect to the basis { ff} of VKR, and we
have

TZ (fj Zfz ®tfj

i=—/

Hence, TgR is a (2¢ 4 1)-dimensional corepresentation of A,.
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Moreover, there are infinitely many one dimensional corepresentations
D™ of A,.

Consider the following sesquilinear forms (-,-)g and (-, )1, on Ay,

(.’E, y>L = h(.%'*y) 3 <x7y>R = h(l‘y*) for T,y €< Aq-

In the Hilbert space (V/%, (-,-)1), the set By := {|q|*|2¢ + 1||1q/|2ff}z‘elg is

an orthonormal basis of ‘QR.

Form eZ and l € %N, TERDm is an irreducible corepresentation of A,
and its matriz coefficients with respect to the basis B¢ are

{tijm 21,7 € Iy}. Moreover, the matriz ((tijm)) is a unitary
element of Ma11(C) ® A, .
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The Peter-Weyl decomposition

Theorem

Given a corepresentation T' of Ag, let C(T') denotes the vector subspace
of A, generated by the matrix coefficients of T'. Then, we have

0 A= @ZG%N,meZ C(TfDm)~

(2]
¢ 4 ! by i
(D™t D™ Vg = a7 |20+ 1[0, 0,050,
/ E/ / o .
<t7,JDm,tZ/J/Dm >L = |q| 1‘26 + 1||q| 555/6ii,5jj/5mm/

Q The set {TED™ : (€ %N,m € Z} is a complete list of irreducible
mutually inequivalent corepresentations of A, .
Q@ The set {|q|7"[2¢ + 1|1/2

l tijm 10 € N, m € Z} is an orthonormal
basis of L*(h).
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Little g-Jacobi polynomials and matrix coefficients

Theorem

The matriz coefficients tijk are expressed in terms of the little
g-Jacobi polynomials in the following way :
Q for the case of i +3j <0,i>j,
( ¢ )1/2 (
(s 0 s .. 0 0+3 2 —j = 0
(i~ )0 () P s ) Do
) \q|2
Q for the case of i +3j <0,1 <7,
G -
¢ +3/|q|2 (£ (J=t,=i=3) (pp*. it
a~ (D) pi—igli=i)( H)W(ﬂ Jz)|q|2pf+l (bb*; |q|?) D
L4 lq ‘2
@ for the case of i+j>0,i <7,
(li—e')l/i 047 (G—1,i+
PPN e o I .
q(’L 7)) (£+1) (22 )|11;|2 (]—tjl)l |273£J 9) (bb*, ‘q’z)((l*)H—Jb] i pltitk :
L4/ |q|2
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Tensor product decomposition and classification

@ for the case of i+ 5 > 0,1 > 7,
( 20 )1/2

t+3/1q2 (f—j)

(2@)1/2 i—3/|q2

£+i/|q|2

(q)(j—i)(f-i-j) Péi;j7i+j)(bb*§ |q|2)(a*)i+jci—jDZ+j+k )
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Tensor product decomposition and classification

@ for the case of i+ 5 > 0,1 > 7,

i S i) R
@0 5 (), SPETD (; |gP?) (@) I DA
£+i/1q|2

The following decomposition holds,

Ty, D" ® 1y, D"
~ T€1+£2Dm+n D T((1+[2)_1Dm+n+1 DB j—‘|£1—[2|Dm+n+2 min{ll,fg}.
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Tensor product decomposition and classification

@ for the case of i+ 5 > 0,1 > 7,

1/2
(q)(j—i)(f%-j)M(z j)| |2'P(l Js H‘J)(bb*; |q|2)(a*)i+jci—jD€+j+k '

1/2 ¢
(lzfi)|q|2

Theorem

The following decomposition holds,

Ty, D" ® 1y, D"
~ TEH—ZQ pmtn ® T(£1+Z2)_1Dm+n+1 BB T|£1 Z2|Dm+n+2 min{£1,£2}.

Theorem

|
| \

Let g and q be two non-zero complex numbers which are not roots of
unity. Then, Uy(2) and Uq/(2) are isomorphic as CQGs if and only if

¢ €{¢,q, 4 1}
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Towards the K-groups

For q = |q|e”™® let 0 ¢ Q\ {0,1}. Let .7 := C*(V) be the Toeplitz
algebra. We have the well-known short exact sequence

0—K-——=7-%5C(T)—0
where ¢ : V +—— 3. Consider the homomorphism
7: C(Uy(2)) — C(T) @ B(1*(Z) ® (*(Z))
givenby T=0®1®1, and for b =pR@ U ® 1 let
Ty = the closed two-sided ideal of C'(U,(2)) generated by by and by,
By =C*({r(a0), T(Dy)}) = C* (320101, 10 e "N oU}).

Proposition

The following chain of C*-algebras
0 — Ty — C(Uy(2)) = By — 0

1s an exact sequence, where ‘v’ denotes the inclusion map.
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The K-groups

Let Ag be the noncommutative torus. Then, Tg = K(£2(N)) ® Ay .

Theorem

For q = |qle¥V="" with 0 irrational, both the K -groups Ko(C(Uq(2)))
and K1(C(Uy(2))) are isomorphic to Z*. The equivalence classes of
unitaries [D] and [p@U @1+ (1 —p) ® 1 ® 1] form a Z-basis for
K1(C(Uq4(2))). The equivalence classes of projections [1] and [p ® pg)
form a Z-basis for Ko(C(Uy(2))), where py denotes the Powers-Rieffel
projection with trace 6 in the noncommutative torus Ag, and

p = |eo){eol. )
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Action of the generators on L?(h)

Let us fix the following notation

4 —1 A *\k
ik = lal7"\/120+ 1]t (D7)
= ‘q’_i”ug-i- 1’|q| tijD_k

for the orthonormal basis of L?(h). Here, k € Z, £ € 1N and
i,je{—t, -, (}.

Theorem

The action of the generators of Uy(2) on the orthonormal basis element
efjk is described by the following :
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Theorem

@ boef;,= ﬁ+(€’i’j)€fillg,j+1/2,k + 5—(57’iaj)ef:llg,jﬂ/%k_l
@ b v el =BT (i ety i1y + BTN ik
ek ef,j,k - 0‘+(£vi7j)eff11g,j71/z,k + 0‘—(&iaj)efjﬁ,j,l/z,kfl
Q@ a'vel,, = ai(f,z’,j)efﬁg’jﬂ/%kﬂ + af(é,i,j)ef://;jH/M

where,

1— |q|2(£+j+1))(1 _ |q|2(e—i+1))

Be(tif) = ¢t \/ (

Z]1J1+1\/7\/

(1= [P D) (1 = [qZ@)

(1= g (1 — jgP+)
1— |g)2@D)(1 — |g)2CtD) -
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I
.. 1 _ ’q‘2(£ j+1) )(1 _ ’q‘2(£+i+1))
+ _ ] i— 1 Z —j+1
BL(ti,5) = \/>\/ e

. _ve—j | (L= gPE) (1 — [g*¢-9)
BEi,5) = (@° J\/(l ~ |Z|2(2e))(1 _ |q|q2(2z+1)) '

. 1 — |gl2l=3+1)) (1 — |g|2(€—i+1)
ar(bi,j) = \/( 4 )4 — ldl ).

(1= [gPCHD) (1 — [g[*¢+2)

o a1 [ (1_|q’2(€+]))(1_|q’24+@))
a_(l,i,j) = ¢ ‘@ _\/(1—|q|2(25))(1 |q|2(2¢+1))
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The Dirac operator

Let 2 = L2(h) ® C2, 1roq(z) = [”g’” ﬂ&)} where 7 is the GNS
representation of 7, on L?(h). Also, let

0 T 10
@:[T 0] and 72[0 —1]

where T is the following unbounded operator on L?(h) with dense
domain <7, defined by

T(ef,j,k) = d(f, 2 k)eze,j,k

such that

o @) Ik —0—i) if i # L,
oo k) = {—(2e+ 1) +v/=Tk if @=L
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Equivariant spectral triple

Theorem

The tuple (y , I, Teq, 2 ,7) is a 41 -summable, non-degenerate, even
spectral triple for Uy(2) that is equivariant under its own
comultiplication action.

Theorem

The Chern character of the spectral triple (<ty , 7, Teq, D ,7y) is
nontrivial.

| N\

Proof: We are interested in

{[p® pol, (Hq, H,7eq, 7 7)) = ind((p @ po) T|T| ™ (p @ pp)) -
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Idea of the proof

@ Let P be the orthogonal projection onto {v € L?(h) : bb*(v) = v}
and consider the C*-algebra B = C*{Pb, PD}. Since 0 is
irrational, this C*-algebra becomes isomorphic to the
noncommutative torus Ay, and this helps us to identify p ® pg with
a projection Py in B. Then, PPy = PyP = P,.

@ The Fredholm operator PyT|T|~! Py is a compact perturbation of
PyF P, for certain operator F : PL?(h) — PL?(h).

@ We decompose PL?*(h) = ®32H; such that
P=a;P;, F=®,F;, PyFPy = ®;P)F;P]

where Pg = Pyly;-

© It turns out that for ji,j2 > 0, ind(Pglengl) = ind(PgQFjQPgQ).
Moreover, ind(PgFoPg) £ 0.

@ Finally, we prove that PyF Py : PyL?(h) — PyL?(h) is Fredholm.
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